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Closed-Form Solutions for Arbitrary
Laminated Anisotropic Cylindrical Shells (Tubes)

Including Shear Deformation

Reaz A. Chaudhuri* and Kamal R. Abu-Arja|
University of Utah, Salt Lake City, Utah

Heretofore unavailable closed-form solutions are presented for arbitrarily laminated anisotropic cylindrical
shells subjected to axially varying internal pressure. These solutions are obtained under the framework of the
constant-shear-angle theory (CST) or the first-order shear-deformation theory (FSDT) for arbitrary boundary
conditions. A unified CST-based shell theory, which is an extension of Love's first approximation theory or
Love-Kirchhoff hypothesis, with four popular kinematic relations as special cases, has been employed into the
formulation. The previously obtained CST-based solutions for symmetric/unsymmetric cross-ply and balanced-
unsymmetric/unbalanced-symmetric angle-ply cylindrical shells under the same loading conditions have been
shown to be special cases of the present solution. The available solution based on the classical lamination theory
(CLT) can be obtained from the present solution in the limiting case of the transverse shear rigidities approaching
infinity. Numerical results have been presented for two-layer thick cylindrical shells (tubes) with SSl-type simply
supported boundary conditions and have been compared with the corresponding CLT-based closed-form solu-
tions and also the finite-element solutions based on the layerwise constant-shear-angle theory (LCST). These are
expected to serve as benchmark solutions for future comparisons and to facilitate the employment of asymmetric
lamination in design, known as composite tailoring.

Nomenclature
Aij,Bij,Dij = extensional, coupling, and bending

rigidities, respectively, for /, j = 1, 2, 6
AJJ = transverse shear rigidities (including

coupling) for / ,y=4,5
L = length of the circular cylindrical shell
Mx,MB,Mxe,Mex = bending and twisting moments per unit

length
Nx,Ne,Nxe,Nex = surface-parallel normal and shear-stress

resultants per unit length
±p(x) = axially varying (axisymmetric) pressure

loading per unit area of the middle surface
(+ , internal; — , external)

± PQ = uniform pressure (+ , internal; — , external)
Qx,Qe = transverse shear-stress resultants per unit

length
R = radius of the reference (middle) surface of

the cylindrical shell
t = thickness of the laminated shell
UO,VQ = surface-parallel displacement components

at the reference surface in the axial and
hoop directions, respectively

w = transverse or radial displacement
component

x,6,z = right-hand cylindrical shell coordinates
€1,62,712 = surface-parallel normal and shearing strains

at a point
e?,e2»7?2 = surface-parallel normal and shearing strains

at the reference (middle) surface
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6 = fiber orientation angle of the outer layer
K i » K 2 » * i 2 = changes of curvature and twist
^12^13^23 — major Poisson's ratios of an orthotropic

lamina
OxjOe^xe = surface-parallel normal and shearing

stresses

Introduction

T HE advent of fiber-reinforced composite materials, often
used in the form of laminated shells in aerospace, hy-

drospace, and ground-based structural applications, has been
hailed as "the biggest technical revolution since the jet en-
gine."1 This is because they possess such beneficial properties
as high strength-to-weight and stiffness-to-weight ratios, fa-
tigue life, corrosion resistance, and so forth.2 These materials
offer, for the first time, the possibility of optimum design of
such structures as rocket motor cases, through the variation of
fiber orientation, stacking pattern, and choice of fiber and
matrix materials. However, this process, known as composite
tailoring, is not without its price, because it introduces into the
analysis such complexities as the anisotropy of the individual
laminae and asymmetry of lamination, in general, that result
in various coupling effects, first noted by Ambartsumyan,3

who considered orthotropic layers.
Most of the analyses of the fiber-reinforced laminated shells

employ the classical lamination theory (CLT), based on the
Love-Kirchhoff hypothesis (also known as Love's first ap-
proximation theory), which ignores the transverse shear defor-
mation. Among these, studies by Dong et al.,4 Reuter,5 Bert
and Reddy,6 and Chaudhuri et al.7 are worth mentioning.
Recently, Abu-Arja and Chaudhuri8'9 have presented closed-
form solutions of complete cross-ply and angle-ply cylindrical
shells under internal pressure, based on the constant shear-an-
gle theory (CST), also known as first-order shear deformation
theory (FSDT), of which Reuter's5 solutions, based on the
CLT and DonnelFs10 kinematic relations, become special
cases. Although the closed-form solutions on cross-ply and



1598 R. A. CHAUDHURI AND K. R. ABU-ARJA AIAA JOURNAL

angle-ply cylindrical shells offer the opportunity to develop a
fundamental understanding of the complex deformation be-
havior of fiber-reinforced laminated shells, these studies do
not appear to be that useful to the practical designers of lam-
inated shell structures, e.g., rocket motor cases, wherein vari-
ous combinations of these layups are usually employed. The
designers of such laminated shell structures therefore are
forced to employ various approximate methods in conjunction
with full-scale laboratory testing. Furthermore, these designers
shy away from employment of general unsymmetric lamina-
tion of anisotropic layers, which may offer important addi-
tional advantages over the more traditional cross-ply and an-
gle-ply constructions toward achievement of a near-optimum
design and toward exploitation of the full potential the com-
posite tailoring has to offer. A recent study by Chaudhuri et
al.7 on arbitrarily laminated anisotropic cylindrical shells,
based on the CLT and Love-Timoshenko's kinematic rela-
tions,11'12 is an attempt to fill this critical gap. However, the
accuracy of the CLT-based solution, presented therein, in the
case of thick, laminated shells, needs to be ascertained. The
objective of the present study is to derive a closed-form solu-
tion of arbitrarily laminated anisotropic cylindrical shells
(tubes) of finite length, subjected to axially varying internal
pressure, by employing a unified CST-based shell theory. This
unified shell theory is an extension of four popular shell theo-
ries due to Donnell,10 Love11 (Reissner's version13'14), Love-
Timoshenko11'12 and Sanders,15 based on Love-Kirchoff hy-
pothesis, to the CST. Numerical results obtained using this
solution will be compared with the available results obtained
using the CLT-based closed-form solution of Chaudhuri et al.7
and the finite-element solution, based on the layerwise con-
stant-shear-angle theory (LCST) of Seide and Chaudhuri.17'18

Statement of the Problem
The strain-displacement relations of a circular cylindrical

shell (Fig. 1), subjected to axisymmetric loading, are given
by9'19

e? +

= e°6

(la)

(Ib)

(lc)

(Id)

(le)

where, using d/dO ( . . .) = 0 because of axisymmetry,9'19

e? = w0)X (2a)

e^ = w//? (2b)

64 := 0g — VQ/R V^C/

e? = w x + </>x (2d)

eg = ^o,x (2e)

^i = *x,x (20

K2 = 0 (2g)

'jR (2h)

where a comma denotes an ordinary derivative. The x and 6
coordinates are equivalent to 1 and 2 coordinates, respectively.
The c0 is a constant that assumes the value of -1,0, l/2, and
1 for extension of kinematic relations, based on Love's first
approximation theory (also known as Love-Kirchhoff hypoth-
esis) resulting from Donnell,10 Love11 (Reissner's13'14 version),
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Fig. 1 Cylindrical shells: a) Geometry of the cylindrical shell; b) vari-
ation of the central transverse and end circumferential displacements
of a two-layer (0 deg/0) cylindrical shell with respect to the fiber
orientation of the outer layer.

Sanders,15 and Love-Timoshenko12 to the case of FSDT. The
equations of equilibrium for a complete circular cylindrical
shell (tube) subjected to axially varying internal/external pres-
sure ±p(x) are given by9'12'17'19

AW + Qe/R = 0

Ne/R - Qx,x = ±p(x)

Mx,x = Qx

Mxe,x = Qe

Nxe-Nex-c0Mex/R=0

Equation (3a) yields, on integration,

(3a)

(3b)

(3c)

(3d)

(3e)

(30

(4)

where C\ is an integration constant.
The stress resultants, stress couples, and transverse shear

forces can be expressed in terms of the reference surface strains
and changes of curvature and twist (constitutive rela-
tions)7'9'19'20 through the elastic rigidities, which are as given by
Jones.2 The expression for Nxd has been chosen such that Eq.
(30 is satisfied.20

Derivation of Closed-Form Solution
A closed-form solution to the problem of a pressurized com-

plete cylindrical shell is derived in this section for arbitrary
boundary conditions.

Substitution of strain-displacement relations [Eqs. (2)] and
the constitutive relations into Eqs. (3) and (4) and then succes-
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sive elimination of «0, ^o> Qe, and Qx from the resulting five
coupled ordinary differential equations (O.D.E.) will finally
yield a decoupled seventh-order O.D.E. in terms of w. This, on
integration, will reduce to a sixth-order O.D.E.:

>6 + A2D4

±(A5D4
A3D2

A<£>2 + A7)p(x)

where the symbolic operator Dn is defined by

d"
~dx" ' H ~

(5)

(6)

where ^4' = (/ = 1,. . . ,7) is given by Eqs. (Al), and C2 is an
integration constant. It is noteworthy that, in the case of uni-
form internal pressure/?^) = p0, the aforementioned seventh-
order O.D.E. reduces to a homogenous O.D.E., which implies
that the right-hand side of Eq. (5) becomes merely an integra-
tion constant C*. It is then evident that the solution due to the
uniform pressure is a degenerate case of its counterpart due to
axially varying pressure loading, with C2 = ±A-jp0 + C2.
Equation (5), on substitution of

Ai6 = A26 = A45 = Bn = B22 = B12 = B66 = D16 = D26 = 0 (la)

A45 = 0, Bij = 0, i,y = l, 2, 6 (7b)

will reduce to the CST-based governing differential equations
(in terms of w) for the special cases of balanced unsymmetric
and unbalanced symmetric angle-ply cylindrical shells,9'19 re-
spectively. Further, Eq. (5), on substitution of

A16 = = A45 = = #26 = A6 = (8)

will reduce to its counterpart for the case of an unsymmetri-
cally laminated shell of orthotropic construction8'19 (of which
antisymmetric cross ply is a special case), which, on further
substitution of

= #22 = = #66 = (9)

will yield the CST-based governing differential equation (in
terms of w) for the case of a symmetric cross-ply shell.8'19

Substitution of A44 — A55-^oo into Eq. (5) will reduce it to its
CLT counterpart, which for the case of uniform internal/ex-
ternal pressure p0 is given by

C2 (10)

where A* (/ = !,.. .,4) are as presented in Chaudhuri et
al.,7'18 with the substitution of c0 = 1 (Love-Timoshenko). Fur-
thermore, substitution of c0 = — 1 (Donnell) and Eqs. (7) into
Eq. (10) will reduce the latter to those obtained by Reuter5 for
the cases of balanced unsymmetric and unbalanced symmetric
angle-ply cylindrical shells, respectively, wherein A2 = 0. Sub-
stitution of c0 = 1 and Eqs. (8) and (9) will reduce Eq. (10) to
those obtained by Chaudhuri21 for the cases of unsymmetric
and symmetric thin, laminated shells, respectively, of ortho-
tropic construction.

The wc, the complementary solution of Eq. (5), is obtained
by assuming w = e*", which yields the characteristic equation

X6 + + a2\2 + 03 = 0

where

Oi = Ai+i/Aj,

(11)

(12)

Substitution of X2 = m reduces Eq. (11) to a third-degree
polynomial, which can easily be solved,22 finally yielding

B2 si

B3 cosh(]3iJt)
B5 cosh(7i.x)

B5

B4

if Q\ >0 and m\ >0

B2 sinhdS^) cos(otix) (13)
B4 cosh(j8ix) sin(aix)

B6 sm(yix) if Q\ > and m\ < 0

where a\t Pi, 71, m\, and Q\ are as given by Eqs. (A7) and
(A8). The £/(/ = ! , . . . ,6) are integration constants, and/(x)
are defined as

if JK/ <0

with ^ (/' = !, 2, 3) being given by Eq. (A9) and </>/ = | /*/ | .
It may be noted that, for Q} = 0, two of the three real roots

of the cubic equation in m are equal, which will yield a degen-
erate solution for wc. However, this situation is unlikely to
arise in the case of laminated shells under investigation.

The wp, the particular integral of Eq. (5), can be easily
obtained, if p(x) is prescribed. For example, for the case of
P(x)=p0cos (irx/L),

^ - A6(K/L )2 + v47] COS(TTJC/L ) C2

14] A4

In the case of uniform pressure load, p(x) = ±p0,

wp=(±AlPo + C2)/A4 (16)

Once the complete solution, w = wc + wp, is known, the
remaining unknown quantities Qx, Q$, u^ and VQ can easily be
obtained, which are as follows:

(17a)

(17b)

Qx = (F{D5 + F2D3 + F3D)w

Qe = (F^5 + F5D3 + Ftf>)w

(H^D5 + H2D3 + H3D)w + #23Jw djc
(g26 + g2sC})X + C3

//7|w djc

(17c)

(17d)

where C3 and C4 are integration constants, and the constants
Fj(i = 1 , . . . ,6) and ///(/ = 1 , . . . ,9) are as given by Eqs. (A10)
and (All).

The ten integration constants, BI (/ = ! , . . . , 6) and C,
(/ = !,.. .,4), can be determined by prescribing 5 boundary
conditions at each of the 2 ends (x = ±L/2) of the cylinder.
The five boundary conditions are chosen to be one member
from each pair of the following equations:

- (u0,Nx) = (v0,Nxe) = - 0 (18)

The commonly used boundary conditions can be described as
follows.7'23

Simply supported edge (x = ±L/2):

SS1:

SS2:
W = Mx = UQ = Nx6 = (l)d =

(19a)

(19b)
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SS3:

SS4:

w = Mx = Nx = v0 = </>0 = 0

= Mx = UQ = VQ = <f>0 = 0

(19c)

(19d)

The four clamped-edge conditions CE1, CE2, CE3, and CE4
can be obtained by replacing Mx by <t>x in Eqs. (19a-19d),
respectively, and the free-edge condition is given by

Qx = Mx = NX = Nxe = MXQ = 0 (20)

In the event of loading and boundary conditions being sym-
metric with respect to the central section of the cylinder,

= 64 — Bf, = C3 = C$ — 0 (21)

and the remaining five integration constants can be determined
using the prescribed boundary conditions at one end only.

Once the three reference surface displacement components
and the two transverse shear force resultants (or the two rota-
tions at the reference surface) are determined, the strains and
curvature changes and, finally, the surface parallel stresses can
easily be computed. The transverse stresses can be obtained by
using Eq. (2.11.1) of Seide.16

Numerical Results
The present paper studies, as an example, a two-layer asym-

metrically laminated tube of circular cross section, with the
fibers in the inner layer oriented in the axial direction of the
cylinder, while the 0 varies. The layers are of equal thickness.
The L, the mean R, and the t of the cylindrical shell are 5080
mm (200 in.), 254 mm (10 in.), and 127 mm (5 in.), respec-
tively. The internal/external pressure ±pQ is 6895 Pa (100 psi).
Analysis of thick-section composite cylinders has assumed in-
creasing importance because of their potential application in
the pressure hull of a submarine.24 Thick section is required to
avoid collapse due to buckling under external pressure.

The elastic constants of a unidirectional lamina are assumed
to be the same as those used by Spilker et al.25 The En and E22,
Young's moduli in the directions parallel and transverse to the
fibers, are 275.8 GPa (40 x IO6 psi) and 6.895 GPa (IO6 psi),
respectively. The G12 and Gi3 = G23, the surface-parallel and
transverse shear moduli, respectively, are assumed to be equal
to 3.448 GPa (0.5 x IO6 psi). The *>12, *>i3, and v23 are all as-
sumed to be 0.25. The cylindrical shell is assumed to be simply
supported at both ends with SSl-type boundary conditions
[see Eq. (19a)]. The CLT- and CST-based numerical results
presented below have been obtained using Love-Timoshenko's
kinematic relations (c0= 1).

Figures lb-6 show the variation of the transverse displace-
ment and the surface-parallel stresses at the central section of
the cylinder (i.e., x = Q), as well as the surface-parallel dis-
placements at the end (x = L /2), with respect to the fiber orien-
tation of the outer layer. The present CST-based closed-form
solutions for displacements and stresses are compared with
their counterparts, obtained using the CLT-based closed-form
solutions of Chaudhuri et al.,7 as well as the LCST-based
finite-element solutions of Seide and Chaudhuri.17 Details of
the formulation and the convergence of the element are avail-
able in Refs. 17 and 18 and will not be repeated here. These
plots indicate close agreement between the CST and the CLT
solutions at a point away from the edge. However, some dis-
agreements between the surface-parallel quantities, computed
by the CST and the LCST, are observed for certain fiber
orientations of the outer layer (e.g., Figs. 2-6), which bring
into action the layerwise variation of the transverse shear de-
formation. This behavior can be adequately captured by the
LCST, to which the CST and the CLT are totally insensitive.
It is further noteworthy that the circumferential displace-
ments, as computed by the CLT and CST, do not vary through
the thickness, and the layerwise variation of the same, pre-
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Fig. 2 Variation of the end longitudinal displacement of a two-layer
(0 deg/0) cylindrical shell with respect to the fiber orientation of the
outer layer.
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Fig. 3 Variation of the end longitudinal displacement through the
thickness of 0 deg/0 cylindrical shells.

dieted by the LCST, is negligible (Fig. Ib). This is in agreement
with what has been observed by Chaudhuri et al.7 in the case
of a corresponding thin, laminated shell. It is also interesting
to observe (Fig. 2) that the three theories predict very close end
longitudinal displacement at the inner surface of the cylindri-
cal shell. However, the same is not true in the cases of the
longitudinal displacements at the outer surface and the inter-
face. The observed differences among the outer surface longi-
tudinal displacement^ predicted by the three theories, are max-
imum in the case of 0 = 0 deg and appear to decrease with the
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Fig. 4 Variation of the central longitudinal stress of a two-layer
(0 deg/0) cylindrical shell with respect to the fiber orientation of the
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Fig. 5 Variation of the central circumferential stress of a two-layer
(0 deg/0) cylindrical shell with respect to the fiber orientation of the
outer layer.

increase of the fiber orientation of the outer layer (Fig. 2).
However, at the interface, these differences, especially that
between the CST and the LCST, first increase as 6 increases
from 0 deg to 38 deg (approximately) and then decrease with
0 increasing to 90 deg (Fig. 2). This behavior is better illus-
trated in Fig. 3. It may be noted that, in the case of a unidirec-

tional shell (0 = 0), the LCST predicts smaller rotation of the
normal in the outer layer compared with_its inner layer. The
reverse is true, however, for 15 deg < 6 < 75 deg (approx-
imately). Second, the prediction of the midsurface displace-
ment (membrane effect) is sensitive to the type of the shear-de-
formation theory employed, except in the case of 0 = 90 deg,
which does not exhibit any membrane state (Fig. 3).

It is interesting to observe from Figs. 4-6 that the surface-
parallel stresses at the top and the bottom surfaces of the inner
(0-deg) layer are almost identical when computed by the CLT
and the CST, which implies that these theories can only predict
the membrane state in the inner layer. Furthermore, ae and rxQ
of the inner layer, as computed by the CLT and the CST,
almost coincide with the corresponding inner-layer interface
stresses predicted by the LCST, whereas the ox of the inner
layer, as computed by the first two theories, is very close to the
corresponding inner-surface stress predicted by the LCST. In
general, the LCST predicts different surface-parallel stresses at
the top and bottom surfaces of the inner layer, thus implying
the existence of a certain amount of bending stresses in the
inner layer, which is essentially a product of the layerwise
variation of the transverse shear-deformation effect, to which
the CST and the CLT are not sensitive. The difference in
behavior of the stresses in the inner and outer layers is, to a
small extent, due to the effect of the curvature but is primarily
due to such coupling effects as, for example, bending-twisting,
produced by the anisotropy of the outer layer (except when
5 = 0 or 90 deg).

Figures 7a and 7b show the axial variation of the displace-
ments w, u, and v in the case of 0 = 45 deg. Axial variation of
w is shown in Fig. 7a. The predictions of the CST and the
LCST are very close (within 5%), whereas some disagreement
is observed between the CST and the CLT predictions. How-
ever, this disagreement is not too severe (within 15%), consid-
ering the fact that the tube in question is very thick. Axial
variation of the circumferential displacement v is also shown in
Fig. 7a. The axial variation of the longitudinal displacement
component u is shown in Fig. 7b. The interior region of the
cylinder is characterized by the membrane state, which is not
affected by either the anisotropy of the outer layer or the
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Fig. 8 Axial variation: a) outer layer; b) inner-layer longitudinal
stress of a two-layer (0 deg/45 deg) cylindrical shell.

asymmetry of lamination. In contrast, the end region of the
cylinder (approximately one-fifth of the half-length of the
cylinder) experiences strong bending action over and above the
membrane state. This is what is known as the boundary-layer
effect, wherein the bending response brings into action the
different transverse shear-deformation effects, approximated
by zero, constant, and layerwise constant-shear-angle theories.
It is further interesting to note that the end-longitudinal dis-
placements, as predicted by the CLT, the CST, and the LCST,
follow definite patterns, with the CST prediction being in be-
tween the other two (Fig. 7b).

Figures 8-10 exhibit the variation of the surface-parallel
stresses along the axial direction of the cylindrical shell under
investigation (6 = 45 deg). Most interesting among these plots
is Fig. 8b, which exhibits the axial variation of the longitudinal
stresses ax at the top and the bottom surfaces of the inner layer.
As expected, the membrane state is predominant at a section in
the central region of the inner layer of the cylinder, wherein the
CST and the CLT predictions assume an identical value, which
is also close to the inner-surface stress predicted by the LCST.
The inner-layer-interface stress in the central region, as pre-
dicted by the LCST, is slightly different, which implies the
existence of some amount of bending stress, as has been dis-
cussed earlier. However, one-fifth to one-quarter of the half-
length of the cylinder close to its edge witnesses a very strong
boundary-layer effect, which is characterized by the predomi-
nant bending response, which, in turn, brings into action the
difference transverse shear-deformation effects approximated
by zero, constant, and layerwise constant shear-angle theories.
In this region, the CLT and the CST predictions can be in error
with respect to their LCST counterparts by as much as, if not
greater than, 200% and 100%, respectively (Fig. 8b). In com-
parison, the longitudinal stresses in the outer layer as well as
the circumferential stresses and the surface-parallel shear
stresses in both the layers experience much less severe
boundary-layer effect and the accompanied bending response
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Fig. 9 Axial variation: a) outer layer; b) inner layer circumferential
stress of a two-layer (0 deg/45 deg) cylindrical shell.
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Fig. 10 Axial variation of the surface-parallel shear stress of a two-
layer (0 deg/45 deg) cylindrical shell.

in the end region (Figs. 8a-10). It is interesting to observe from
Figs. 8a, 9a, and 10 that the outer layer, which witnesses the
greater bending response in the central region as a result of
anisotropy, experiences the least severe bending action in the
end region. Figure 9b demonstrates that, in the central region,
the LCST predictions of the inner-layer circumferential
stresses are very close to the corresponding inner-layer mem-
brane stresses predicted by the CST and the CLT. In compar-
ison, the LCST predictions of the inner-surface circumferen-
tial stresses in the central region are significantly different.
This difference, however, gets considerably reduced in the
region close to the edge of the cylinder, although the
boundary-layer effect and the accompanied bending response
still bring into action the different transverse shear-deforma-
tion effects aproximated by the CLT, the CST, and the LCST.
It may be noted that the preceding CST-based results in gen-
eral use Eq. (13a), except for 6 = 90 deg, r > 3 in. and 5 = 75
deg, t >6 in. (not shown). In these situations, Eq. (13c) is used.

Summary and Conclusions
Heretofore unavailable closed-form solutions are presented

for arbitrarily laminated anisotropic complete cylindrical
shells (tubes) under the framework of the CST, also known as
the FSDT. These solutions are obtained for shells subjected to
axially varying axisymmetric internal/external pressure load-
ing and for arbitrary boundary conditions. A unified CST-
based shell theory, which is an extension of Love's first ap-
proximation theory (Love-Kirchhoff hypothesis) with the
kinematic relations of Donnell, Love-Timoshenko, Love
(Reissner's version), and Sanders as special cases, has been
employed into the formulation. The previously obtained CST-
based solutions for symmetric/unsymmetric cross-ply and bal-
anced-unsymmetric/unbalanced-symmetric angle-ply cylindri-
cal shells under the same loading conditions have been shown
to become special cases of the present solution. The available
CLT-based solutions can be obtained from the present solu-
tions in the limiting case of the transverse shear rigidities ap-
proaching infinity.

The numerical results for two-layer 0 deg/0 tubes with SS1
boundary conditions demonstrate the various coupling effects
induced by the asymmetry of lamination and anisotropy of the
individual laminae. The key conclusions that emerge from the
numerical results can be summarized as follows:

1) The CLT and the CST always predict membrane state of
stress in the 0- and 90-deg layers, whereas the LCST predicts
the existence of some bending stresses in addition to that. For
0 ^ 0 deg, 90 deg, bending stresses are predicted by all three
theories.

2) The w and v do not exhibit very severe boundary-layer
effects, whereas u experiences severe boundary-layer effects
and the accompanied bending response, which brings into ac-
tion the different shear-deformation effects approximated by
the CLT, the CST, and the LCST.

3) The longitudinal stress ax , which is predicted as the mem-
brane state of stress by the CLT and the CST, in the central
region of the 0-deg layer experiences the most severe
boundary-layer effect and the accompanied bending response
in the end region. The CLT and the CST predictions there can
be in error with respect to the LCST by as much as, if not
greater than, 200 and 100%, respectively. The 0 layer, which,
in comparison, witnesses the greater bending response in the
central region, experiences far less severe bending action in the
end region.

4) Although the LCST, which is essentially a quasi-three-di-
mensional ply-by-ply analysis, yields the most accurate results,
this type of analysis may prove to be prohibitively expensive
for a preliminary design of such real-life thick-section compos-
ite structures as submarine pressure hulls, consisting of hun-
dreds of layers. The CST, which constitutes an improvement
over the CLT without significantly increasing the cost and the
complexity of an analysis, then may be recommended for use
(with some judgement), because, with the single exception of
the inner-surface hoop stress (also, in the limiting case of an
exceptionally thick cylinder), the CST-based predictions are
either acceptably close or lead to a conservative design.

Solutions presented herein provide important insight into
the behavior of arbitrarily laminated thick-section composite
cylinders and should facilitate exploitation of composite tai-
loring in their design.

Appendix
The important constants referred to in the section on deriva-

tion of closed-form solution are given below.
The constant coefficients of Eq. (5) are given by

e2e9k2 + e5elokl -

e4elQe5 -

A2 = e{e6en - e\e\2 + e6el2 - e2e8

+ e4e9 - e3e6e9 - e2e5e{ }

A3 = ~

A4 = -

A5 =

A6 = (e6-

wherein

e\=g

?4 = g5

ei = £14 •

£10 = 8n ~

e\3 = -^

with

- e2e5en -
(Ala)

e2e7e9 + e3eselo + e4e6

(Alb)

-e4 + e3e6 + e3e9 + e7el()
(Ale)

e6en - en - e2e~i -e4 + e3e6 + e3e9

~ e2esk3 -

(Aid)

lok2
(Ale)

(A If)

(Alg)

e2 = g2 + g3g22,

?5 = Sll

€* = g\5

e\\ = #19 + £l8#23>

= #4

= #12 + £l3#22

9 = #16

(A2)

£3 =
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£4 = fcio + V2> gs = bu + Vs, £6 = b

gl = &13 + £l6Q, £8 = bu + &i6C2, ^9 = b

£10 = bn + bi6Ci, gn = bl9 + Buc5, g12 =

£13 = &18 + ^llQ, £14 = b

£15 = - Al + #11C3, £16 =

gll = b25 + #16Q> £18 = &

gl9 = ^23 + ^16^2, ^20 = -

£21 = ~£6/£io, £22 = -£7/£io> £23 = -£s/£io

£24 = ~£9/£io, £25 = -&i6/£io, £26 = ±P/gio (A3)

where

cf = - V-4ii for / = 1,...,5 (A4)

whereas

Z?,=yl 1 6 + (H-Co)B16/(2^), b2 = An/R, b3= -Bn

Z?4 = Bua4 + B16a6, Z?5 = J?nfl5 + B16a7

Z?6 = a2a1 - bi\a$, b-j = a4a6 - bna49 b% = A16R +

b9 = ai + (1 + c0)a2/(27?), bio = A26 + CoB26/R

bn = -B16R - CoD16, bl2 = (Bl2a5 + B26a-j)/R

bl3 = - 1 + (^26^6 + Bl2a4)/R, bl4 = A22/R2

bis= -B12/R, bl6

19 = A 1^5

A 1^4

+ (1 + CQ)D66/(2R ),

(A5)

with

ai = A66R

a3 = ^55^44 ~ ^425, 04 =

a6 = -A45/a3, a-j = A55/a3 (A6)

The constants referred to in Eq. (13) are given as follows:

mi = AI + BI — #i/3, m2,3 = TI ± /5i

where

r\ = ~ [0i + 5i)/2 + fi!/3], 5i = 0! - 50V3/2

with

^! = [-^/2 + QJ1/3, fl, = [-q,/2 - Qd*

while

pl = -a^2/3 + a2 (Ala)

(A7b)

(A7c)

(A9)

Finally, the constant coefficients of Eqs. (17) are given by

hlohl6)/(hn

6) + M10 4- /27

F6 = F3(/25^9 + A6) + Mil + ^8 (A10)

Hi = F&2\ + ^l£22, H2 = F5g2l + F2£22

H3 = F6£21 + F3£22 + £24, H4 - C!//! + C^ + C5F4

H5 = c{H2 + cf2 + c5F5, H6 = C!//3 + C4F3 + c5F6 + c3

H! = Ct£23 + C2, 7/8 = C!£26, //9 = C!£25 + 1 (Al 1)

where

5, H2 = ei/e59 h3 = e4- e\e%/e5

5 = elo - e6e9/e5, H6 = e9/es

hi = el2 - ese9/es, hs = en- e7e9/e5

=-(h2 + h,)/(hi + h5), hlo =-(h3 + h,)/^ + h5)

hn= -(ht + hd/fa + hs), hl2=l/e5

{4 = H4- es/e5, hl5 = -

= ^1 Mil (A12)
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